Abstract. We discuss heuristic asymptotic formulae for the number of isogeny classes of pairing-friendly abelian varieties over prime fields, generalizing previous work of one of the authors [4] .
Introduction
Pairing-based cryptography uses non-degenerate pairings defined on a product G 1 × G 2 of two abelian groups and taking values in a third abelian group G 3 . Typically, G 1 , G 2 and G 3 are cyclic groups of the same prime order r. An important source of suitable groups is elliptic curves over finite fields, and in recent years generalizations using higher dimensional abelian varieties have been proposed.
As we shall recall briefly below, elliptic curves or abelian varieties possessing suitable subgroups for pairing-based cryptography satisfy very strong conditions, and are loosely referred to as pairing-friendly. These conditions suggest that they are very rare, and various upper bounds (either unconditional or depending on certain hypotheses) have been proposed, both for elliptic curves [1] , [23] , [17] and more recently for Jacobians of genus two curves [22] . In [4] , one of the authors investigated a heuristic asymptotic formula for the number of pairing-friendly elliptic curves over prime fields, and the purpose of the present paper is to present and provide computational evidence for generalizations of this to higher dimensional abelian varieties. 0.1. Background. Let q be a power of a prime p and let F q denote a finite field with q elements. Let A be an abelian variety over F q of dimension g ≥ 1. Let π be the Frobenius endomorphism of A over F q , let ℓ = p be a prime and let C π be the characteristic polynomial of the action π on the ℓ-adic Tate module of A. Then Weil [31] showed that C π is a monic polynomial of degree 2g with integer coefficients that is independent of ℓ. Furthermore, he proved that the complex roots of C π are q-Weil numbers, in other words algebraic integers of which any complex conjugate π satisfies ππ = q. In general, by a q-Weil polynomial we mean a monic polynomial with integer coefficients all of whose roots are q-Weil numbers. Thus, C π is a q-Weil polynomial of degree 2g, and Tate [28] showed that C π depends only on the isogeny class of A. Furthermore, the order of the group A(F q ) is equal to C(1), so that the order of A(F q ) is invariant under isogeny.
A classification result was proved by Honda and Tate [15] , [29] . They proved that there is a bijection between the set of F q -isogeny classes of simple abelian varieties and the set of irreducible Weil polynomials. Explicitly, the bijection associates to the isogeny class of the simple abelian variety A the minimal polynomial M π of the Frobenius endomorphism π of A. The characteristic polynomial C π is then a suitable power of M π , so that 2 dim A is an even multiple of the degree of M π . For a detailed study of this and related questions, we refer to [30] . We simply mention the following result, which is part of Lemma 2.2 of [12] and is proved using results in [30] .
Proposition 0.1. Let g ≥ 1 be an integer, let p be a prime and let C be an irreducible p-Weil polynomial of degree 2g. Then the simple abelian varieties over F p whose Frobenius endomorphism has minimal polynomial C have dimension g.
In what follows, if g 0 ≥ 1 is an integer, we understand by a triple of degree g 0 (or simply a triple if the reference to g 0 is clear) a triple (r, C, q) where r is a prime, q a power of a prime and C a q-Weil polynomial of degree 2g 0 and r divides C(1). By our previous remarks, we can associate to (the isogeny class of) any pairing-friendly g-dimensional abelian variety A over F q a triple (r, C, q) of degree g, where r is a prime such that A(F q ) contains a subgroup G 1 of order r and C is the characteristic polynomial of the Frobenius endomorphism of A over F q . Conversely, if q = p is prime and C is irreducible of degree 2g, Proposition 0.1 implies if r is any prime dividing C(1), then (r, C, p) corresponds to an isogeny class of simple abelian varieties A over F p such that A(F p ) contains a subgroup G 1 of order r.
We now describe the conditions that a triple (r, C, q) as above must satisfy assuming it is associated to an isogeny class of abelian varieties A that are pairingfriendly. We refer to [11] (in the case of elliptic curves) and [9] (in any dimension) for background and motivation.
By definition, the rho-value of the triple is ρ = ρ(A) = ρ(r, C, q) = g log q log r , where A is any member of the corresponding isogeny class and g is the dimension of A.
(1) Since #A(F q ) = C π (1), it follows from the fact that the roots of C π are qWeil numbers that ( √ q − 1) 2g ≤ #A(F q ) ≤ ( √ q + 1) 2g . We deduce that, assuming g is fixed and given any ρ 0 < 1, we must have ρ > ρ 0 whenever q is sufficiently large. In cryptographic applications, we want ρ to be as close to 1 as possible, since for fixed r, computations in the field F q will be faster.
(2) There exists an integer k ≥ 2 such that r divides Φ k (q). Here, Φ k is the k th cyclotomic polynomial. (Some authors allow k = 1, but we shall exclude this case. See Remark 2.4.) Under some further mild restrictions, A(F q k ) contains a subgroup G 2 of order r different from G 1 and there is a computable non-degenerate pairing on G 1 × G 2 that takes values in the r th roots of unity in F q k (see for example [1] when g = 1 and Theorem 3.1 of [25] ). We need to choose k in such a way that the discrete logarithm problem in the field generated over the prime field F p by the r th roots of unity is unfeasible, but not so large the computations in the field F q k become unwieldy. We call k the embedding degree and k g the security ratio of the triple (or of any abelian variety in the corresponding isogeny class). At present, the security ratio is in practice bounded by about 50 when g = 1 (see [11] ). Although larger values of k will be needed to maintain the same security level when g-dimensional abelian varieties are used, it is natural to consider k as constant.
Thus, when searching for abelian varieties of dimension g for use in pairing-based cryptography, we seek triples (r, C, q) with small embedding degree k and rho-value as close to 1 as possible. Once a suitable triple (r, C, q) has been found, it is necessary to compute equations for some member of the corresponding isogeny class, the groups G 1 and G 2 and to be able to compute the pairing. The only known method of constructing such abelian varieties is the CM-method, which is based on the reduction at primes above p of abelian varieties over number fields having complex multiplication, these being in turn constructed using theta functions or modular invariants. It is possible at present to construct elliptic curves with complex multiplication by the maximal order of an imaginary quadratic field whose discriminant is as large as about 10
15 (see [8] ). On the other hand, only a few thousand explicit equations of genus two curves whose Jacobians have complex multiplication are known at present (see [20] ). Since this is computationally very heavy, it seems reasonable to consider triples that can be obtained from the reduction of a fixed abelian variety, at least up to twist. 0.2. Presentation of the paper. Until now, when g > 1, no examples of triples (r, C, q) of cryptographic interest with rho-value less than or equal to g have been found. The motivation that led to the present paper was an attempt to understand the reasons for this, and our main purpose is to discuss two heuristic estimates (see Estimates 2.2 and 5.1) related to the asymptotic growth as x → ∞ for the number of triples (r, C, p) of given degree g with r ≤ x, under certain conditions on the rho-value g log p log r and the polynomial C. In order to state these estimates formally, we need to consider triples of the form (r, π, q), where r is a prime and π is a q-Weil number such that, if K is any number field containing π, r divides the K/Q-norm N K/Q (π − 1) of π − 1. This is because our heuristic arguments will be based mostly on the geometry of number fields. See Remarks 2.3 and 5.2 for how to interpret heuristics for triples (r, π, q) in terms of triples (r, C, q). We say that (r, π, q) has embedding degree k if r divides Φ k (q). If 2g is an even multiple of the degree of the number field Q(π), we define the degree g rho-value of (r, π, q) to be g log q log r . If 2g is equal to the degree of Q(π), we simply call this the rho-value.
From now on, we mostly restrict attention to triples (r, π, p) with p a prime. By Proposition 0.1, such triples do correspond to isogeny classes of abelian varieties over prime fields. We write a triple as (r, π, q) when we discuss matters in relation to arbitrary finite fields, it being understood that q is a power of the prime p.
To avoid repetition, we restrict attention to g = 1, referring the reader to [4] and [26] for discussions of the elliptic curves case.
In both estimates we fix integers g ≥ 2, k ≥ 2 and a real number ρ 0 > 1 and suppose that the rho-value g log p log r is bounded by ρ 0 . For a simple reason that will become clear in Lemma 2.1, we in fact need to suppose that ρ 0 > g ϕ(k) , where ϕ is Euler's totient function. In Estimate 2.2, we fix a CM-field K of degree 2g and a CM-type Φ on K and consider those triples (r, π, p) of embedding degree k with π a p-Weil number belonging to K that come from Φ (see § 1 for more explanation). In addition, we suppose that ρ 0 = g. Then Estimate 2.2 predicts that, except in a number of cases listed there, there is a constant α > 0 depending only on k and K such that the number N (k, K, Φ, ρ 0 , x) of such triples (r, π, p) with r ≤ x satisfies
The constant α is explicit, and its value is implicit in the statement of Estimate 2.2. Since the integral on the right remains bounded as x → ∞ when ρ 0 < g, this asymptotic estimate would help to explain, if correct, the lack of known triples with small rho-values. We have excluded the possibility ρ 0 = g since this is a borderline case, the integral being bounded as x → ∞ when ρ 0 ≤ g and unbounded when ρ 0 > g.
Since our initial motivation was the search for abelian varieties with rho-value close to one, we were lead to study asymptotics for triples (r, π, q) where the Weil numbers π were allowed to vary over larger sets. This lead to Estimate 5.1, where we fix a totally real field K + 0 of degree g and consider those p-Weil numbers that belong to some variable CM-field of degree 2g containing K 
Again, the value of β follows from the statement of Estimate 5.1. This estimate suggests that, if g ≤ 2 and if ρ 0 > 1, then there should be infinitely triples (r, π, p) with degree-g rho value at most ρ 0 . On the other hand, when g ≥ 3, we only expect this to be thre case when ρ 0 > 2g g+2 . We exclude the case ρ 0 = 2g g+2 in Estimate 5.1 for a similar reason that we exclude ρ 0 = g in Estimate 2.2.
We now outline briefly the contents of the paper. In § 1, we recall some basic properties of CM-fields, CM-types and Weil numbers, and define the notion of a Weil number that comes from a given CM-type. In § 2, we state Estimate 2.2 and give a heuristic argument in favour of it. In § 3, we discuss the effect of polynomial families on the asymptotic formulae discussed in § 2. The discussion is analogous to that in § 3 of [4] . As in the case of elliptic curves, polynomial families having generic rhovalue less than or equal to the dimension g would produce counterexamples to the heuristics of § 3. See Remark 3.3 for a discussion of the only known counterexample. Numerical computations in relation to Estimate 2.2 are discussed in § 4. In § 5, we state Estimate 5.1 and present a heuristic argument that leads to it. The final § 6 presents numerical computations in relation to the heuristics of § 5.
1. Notation and review of CM-types and Weil numbers 1.1. Notation and review of CM-types. In this section we fix the embedding degree k and the CM-field K of degree 2g and we propose an asymptotic heuristic estimate as x → ∞ for the number of triples (r, π, p) using an approach similar to that already used for elliptic curves in [4] . See also § 3 of [12] . Let ζ k denote a primitive k th root of unity. If F is a number field, we denote by e(k, F ) the degree of the number field F ∩ Q(ζ k ). This is well-defined since Q(ζ k ) is a Galois extension of Q. Let w F denote the number of roots of unity in F and h F the class number of F . We write N F/Q for the absolute norm from F to Q, applied to elements or to ideals. If α ∈ F and if σ is an embedding of F in another field or an automorphism of F , we write α σ for the image of α under σ. If F is a CM-field, we denote by F the maximal real subfield of F and by c the non-trivial automorphism of F that fixes F + . We often write α for the image of α ∈ F under c. We briefly review the notion of CM-types, referring to [27] , Chapter 2, for details. A CM-type is a pair (K, Φ) (or simply Φ if the reference to K is clear) consisting of a CM-field K and a set Φ of g embeddings φ : K → C such that Φ ∪ c • Φ is the set of all embeddings of K in C. Let L denote a fixed Galois closure of K, so that L is also a CM-field. Then, fixing an embedding of L in C, we can view a CM-type Φ as a set of embeddings of K in L.
Let (K, Φ) and (M, Ψ) two CM types. We say that (K, Φ) and (M, Ψ) are equivalent if there exists an isomorphism δ : K → M and an automorphism ι of C such that Ψ = {δ
If M is also a subfield of the Galois closure L of K and we view CM-types on CM-subfields of L as embeddings in L as above, this definition is equivalent to asking that Ψ = {δ
Write G for the Galois group of L over Q and H for the subgroup of G corresponding to K. Any embedding φ of K in L can be extended to an automorphism of L, and if we also denote by φ one such extension, then all the extensions form a coset φH of H. Let S denote the set of all extensions of elements of Φ to automorphisms of L. Then S is a CM-type on L and the subgroup H ′ = {γ ∈ G | γS = S} contains H, and we say that Φ is primitive if
ThenĤ is a subgroup of G and the corresponding subfieldK of L is a CM-field, known as the reflex field of K. Furthermore, the setΦ of embeddings ofK in C obtained by restriction of elements of S * is a CM-type onK, known as the reflex of Φ. Note thatΦ is always primitive.
By definition the Φ-trace is the map Tr Φ : K → L that sends α ∈ K to φ∈Φ α φ .
One can show that the fieldK is generated over Q by the set {Tr Φ (α) | α ∈ K}, so that Tr Φ actually takes values inK. It follows that the Φ-norm N Φ , which is defined by N Φ (α) = φ∈Φ α φ for all α ∈ K also takes values inK. We define thê Φ-trace TrΦ andΦ-norm NΦ similarly; these maps are defined onK take values in the subfield K ′ of K corresponding to the subgroup H ′ of G. The norm maps extend in an obvious way to maps on ideals N Φ : I K → IK and NΦ : IK → I K ′ , where I F denotes the group of fractional ideals of the number field F .
Let ClK be the ideal class group ofK and and denote by Cl(Φ) the subgroup of ClK consisting of the ideal classes γ such that NΦ(γ) is the principal ideal class of K and, if A ∈ γ, then the ideal NΦ(A) of K has a generator α such that αα is rational. (This makes sense as a class group since if A is a principal ideal ofK with generator β, then NΦ(β) is a generator of NΦ(A) and NΦ(β)NΦ(β) = NK /Q (β) is rational.) Let hΦ be the order of Cl(Φ).
Weil numbers and characteristic polynomials.
Recall from the Introduction that if q is a power of a prime p, a q-Weil number is an algebraic integer all of whose complex conjugates π satisfy ππ = q.
Let π be a q-Weil number, where q = p a . If π has a real conjugate, then π 2 = q and so π = ± √ q and π is totally real and belongs to Q if a is even and is real quadratic if a is odd. On the other hand, if π has no real conjugate, then q/π is also a conjugate and π is a root of the polynomial X 2 − τ X + q, where τ = π + q/π is a totally real algebraic integer. It follows that Q(π) is a CM-field. Furthermore, every real conjugate of τ satisfies |τ | ≤ 2 √ q. Conversely, if τ is a totally real algebraic integer all of whose real conjugates satisfy this inequality, then the roots of X 2 − τ X + q are q-Weil numbers. Recall that an abelian variety A over F q of dimension g is said to be ordinary if the group A[p](F q ) of p-torsion points over an algebraic closure F q of F q has p-rank g. We refer to [30] , § 7 for the following result. Proposition 1.1. Let A be a simple abelian variety over F q of dimension g and let π be the Frobenius endomorphism of A and let τ = π + q/π. Then the following are equivalent.
(i) A is ordinary.
(ii ) π and q/π are coprime algebraic integers.
(iii ) τ and q are coprime algebraic integers. Furthermore, if these conditions are satisfied,
The fact that Q(π) is a CM-field follows from the previous discussion. We deduce the following Corollary to Proposition 0.1, already remarked in [12] . Corollary 1.2. Let g ≥ 1 be an integer and let K be a CM-field of degree 2g. Let p be a prime and let C be an irreducible p-Weil polynomial of degree 2g such that K ≃ Q[X]/C(X). If p is unramified in K, then the abelian varieties over F p belonging to the isogeny class corresponding to C are ordinary.
Proof. Indeed, if p is such that the abelian varieties are not ordinary, then π and p/π have a common prime ideal factor p. But then p 2 divides p, so p is ramified in K.
Inspired by this result, we say that the q-Weil number π is ordinary if it satisfies the equivalent conditions (ii ) and (iii ) of the Proposition.
Let π be a q-Weil number belonging to the CM-field K of degree 2g. Then by the characteristic polynomial of π, denoted by C π , we mean the characterstic polynomial of the endomorphism multiplication-by-π of the Q-vector space K. Then C π is a power of the minimal polynomial of π and depends only on g and not on K. In particular, if π ′ is another q-Weil number belonging to K, then C π ′ = C π if and only if π ′ is a conjugate of π. Furthermore, if K = Q(π), then C π is the minimal polynomial of π and, if Aut(K) denotes the automorphism group of K, then the number of conjugates of an element of K is equal to the order of Aut(K). Thus # Aut(K) triples of the form (r, π, q) give rise to the same triple (r, C, q).
1.3.
Weil numbers coming from a given CM-type. Let (K, Φ) be a CM-type. If π ∈ K is a Weil number, we say that π comes from Φ if there is an ideal A ∈ IK such that NΦ(A) is a principal ideal of K, generated by π. Similarly, we say that the triple of one of the forms (r, C, q) and (r, π, q) as above comes from Φ if π comes from Φ.
Before turning to heuristic arguments, we derive some unconditional results about Weil numbers coming from a given CM-type. Proposition 1.3. Let (K, Φ) be a CM-type, let p be a prime unramified in K and let π ∈ K be a p-Weil number coming from Φ.
(i) There is a unique prime ideal P ofK such that π generates the ideal NΦ P of K. Furthermore, P is of degree one, and its ideal class belongs to Cl(Φ).
(
Proof. (i) By considering the factorization of p as a product of prime ideals in L and K, and using ππ = p, one sees that there is an integral ideal P ofK such that NΦ P is equal to the ideal generated by π. Furthermore, one necessarily has NK /Q (P) = p, so that since p is prime P is necessarily a prime ideal of degree one.
It is clear from the definitions that the ideal class of P must belong to Cl(Φ).
Suppose that P ′ is a second prime ideal ofK such that NΦ P ′ is equal to the ideal generated by π. Let Q and Q ′ denote respectively prime ideals of L dividing P and P ′ . Since p divides both Q and Q ′ , there is an element τ ∈ G such that Q ′ = Q τ . Let G Q be the decomposition group of Q; since P has degree one, G Q is a subgroup ofĤ. Since L is the Galois closure of K, p is unramified in L and the ideal factorization of P in L is σ∈G Q \Ĥ Q σ . From the definition of NΦ, we see that the ideal factorization of π in L is equal to σ∈G Q \S * Q σ . By hypothesis, it is also equal to σ∈G P τ \S * Q τ σ . It follows that τ S * = S * , so that τ ∈Ĥ. But then Q and Q ′ divide the same prime ideal ofK, so that P ′ = P. (ii ) It suffices to prove that if γ ∈ G is such that π γ and π have the same ideal factorization in L, then γ ∈ H. To do this, we return to the ideal factorization
The ideal factorization of π γ is then σ∈G Q \S * Q σγ , and this can only coincide with that of π if S * γ = S * , or equivalently if γS = S. Since Φ is primitive, this implies that γ ∈ H.
Despite its simple proof, we have been unable to find a reference to the following result in the literature. Theorem 1.4. Let Φ be a CM-type on K. Then the number π Φ (x) of p-Weil numbers coming from Φ with p prime and p ≤ x is asymptotically equal to
Proof. Let π be a p-Weil number coming from Φ. Since only finitely many primes ramify in K, we can suppose p unramified. By Proposition 1.3 (i), there is a unique prime ideal of degree one P ofK such that NΦ(P) is equal to the ideal of K generated by π. On the other hand, by Kronecker's lemma on roots of unity, every other Weil number that generates the same ideal as π is of the form ζπ for some root of unity ζ ∈ K. It follows that π Φ (x) is equal to w K times the number of degree one prime ideals P ofK with NK /Q (P) ≤ x. Since the ideal class of P must belong to Cl(Φ), the result thus follows by applying the prime ideal theorem in number fields (see for example [24] Chapter VII).
A heuristic asymptotic formula for a fixed CM-type
Before discussing Estimate 2.2, we begin with the following simple observation. As before, ϕ denotes Euler's totient function. Also, we allow triples (r, π, q) with q a prime power.
Lemma 2.1. Let g and k ≥ 1 be fixed. If ρ 0 < g ϕ(k) , then there are only finitely many triples (r, π, q) of genus g with embedding degree k and g-degree rho-value ≤ ρ 0 .
Proof. Suppose that there are infinitely many triples (r, π, q) with embedding degree k and rho-value ρ ≤ ρ 0 . For any fixed r, since q ≤ r ρ 0 g , there are only finitely many possibilities for the prime-power q such that (r, π, q) is a triple whose first member is r. On the other hand, by considering the ideal factorization of q in K and using Kronecker's lemma on roots of unity, we deduce that for fixed q there are only finitely many q-Weil numbers belonging to K. Hence the set of values r that appear as first members of triples is unbounded. Recall that the k th cyclotomic polynomial Φ k is a monic polynomial of degree ϕ(k). Since r divides Φ k (q), we
if r is large enough. We deduce that r ≤ 2r
The purpose of rest of this section is to give a heuristic argument in support of the following asymptotic estimate.
Estimate 2.2. Let g ≥ 2, k ≥ 2 be integers, and let ρ 0 > max(1, g ϕ(k) ) be a real number such that ρ 0 = g. Fix a CM-field K of degree 2g, a CM-type Φ on K and let e(k, K), w K , hK and hΦ be as above. Then the number of triples (r, π, p) as above with r ≤ x and p ≤ r ρ 0
Remark 2.3. It follows from Proposition 1.3 (ii ) and the discussion at the end of 1.2 that, when Φ is primitive, the number of triples (r, C, p) with
is expected to be asymptotically equivalent to
Also, when p is unramified in K, the triple is ordinary.
We now complete the heuristic argument which will lead to Estimate 2.2, in a manner similar to [4] .
Let r be given. The probability that r is a prime and splits completely in Q(ζ k ) is equal to the probability that r is prime and that r ≡ 1 (mod k) which is 1 ϕ(k) log r . On the other hand, when r ≡ 1 (mod k), Φ k has ϕ(k) distinct roots (mod r). Thus if p is any integer, the probability that Φ k (p) ≡ 0 (mod r) is roughly
Hence the probability r is prime and divides Φ k (p) is roughly
On the other hand, we want p to be a prime and π ∈ K to be a p-Weil number such that r divides N K/Q (π − 1). We ignore the case where r 2 divides N K/Q (π − 1), assuming that as r increases it occurs with negligible frequency. This means that there is a unique degree one prime ideal r dividing r that also divides π − 1. We assume that the Weil numbers π behave randomly with respect to division by a non-zero ideal of K. This means that the probability that π − 1 is divisible by r is 1 r . In any number field, the average number of primes of degree one dividing a given rational prime is one, so that this is equivalent to the probability that r divides N K/Q (π − 1) being equal to 1 r . Now the events that r splits completely in Q(ζ k ) and there exists a degree one prime in K dividing r are not independent in general. This is the case if and only
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if K and Q(ζ k ) are linearly disjoint over Q. In general, the probability that r is a prime that enjoys both of these properties is e(k, We deduce that the action of π on A[r] is semi-simple, so that the 1-eigenspace of π in A[r] viewed as a F r -vector space is of dimension at least two. It follows that r 2 necessarily divides the order of A(F q ). Thus the assumption made in the study of Estimate 2.2 that we can ignore cases where r 2 divides the order A(F q ) is not justified when k = 1.
The influence of complete polynomial families
As in the genus one case (see § 3 of [4] ), complete polynomial families with small generic rho-value can be expected to produce more triples than predicted by Estimate 2.2. The argument is a simple generalization of the proof of Theorem 3.1 of [4] . For a detailed discussion of the construction of such families in genus 2 or more, we refer to [9] . Examples of such families occur in [9] , [10] , [18] , [19] , [7] and [14] . See also [13] . We recall briefly the definitions given in [9] .
As in the previous section, we fix k and the CM-field of K of degree 2g. We fix a CM-type Φ on K and denote byK the reflex field. Let w be an indeterminate. We denote by α(w) the polynomial in K[w] obtained from α(w) by applying complex conjugation to the coefficients. If
σi is the polynomial obtained by applying the complex embedding σ i of K to each coefficient of α(w). We extend the definitions of N Φ and NΦ to polynomials in a similar manner. Following [9] and generalizing [5] and [11] , a polynomial family (or complete family) is a pair of polynomials (r 0 (w), π 0 (w)) with r 0 (w) ∈ Q[w] and π 0 (w) ∈ K[w] such that:
(i) r 0 (w) is irreducible and the field Q[w]/r 0 (w) contains a subfield isomorphic toK.
(iii) r 0 (w) divides both Φ k (p 0 (w)) and N K/Q (π 0 (w) − 1), (iv ) there exist infinitely many integers w 0 such that r 0 (w 0 ) is a prime (or a near-prime) and p 0 (w 0 ) is a prime.
When w 0 is chosen such that r 0 (w 0 ) and p 0 (w 0 ) are prime, then π 0 (w 0 ) is a p 0 (w 0 )-Weil number and the characteristic polynomial of π 0 (w 0 ) is C π0(w0) (x) = N K/Q (x−π 0 (w 0 )). Furthermore, the condition (iii) implies that r 0 (w 0 ) divides both Φ k (p 0 (w 0 )) and C π0(w0) (1), and therefore give rise to a triple (r 0 (w 0 ), π 0 (w 0 ), p 0 (w 0 )).
As w 0 tends to ∞, the rho-value of the triple tends to g deg p0 deg r0 , so we call this quantity the generic rho-value of the family.
Following work of Hardy and Littlewood, Schinzel and others, Bateman and Horn [2] (see also Conrad [6] ) give heuristic asymptotic formulae concerning sets of polynomials taking prime values simultaneously. Let f 1 , f 2 , . . . , f m ∈ Q[w] be irreducible and suppose that f i (Z) ⊆ Z for all i ∈ {1, 2, . . . , m}. These heuristics imply that, as X → ∞, the number of integers w 0 with 0 ≤ w 0 ≤ X such that f i (w 0 ) is a prime number for all i is either finite or asymptotically equivalent to
where the constant A > 0 depends only on the polynomials f i and is given explicitly in [2] (see also the interesting discussion in [6] ).
Theorem 3.1. Keep the notations used above and assume the Bateman-Horn heuristics ([2], [6]).
(i) Suppose that the polynomial family parametrized by r 0 (w) and π 0 (w) produces, asymptotically as x → ∞, more triples (r, π, p) with r ≤ x than predicted by Estimate 2.2. Then g deg p0
Furthermore, the generic rho-value of the family is less than or equal to g.
(ii ) Conversely, suppose that g deg p0
Then the polynomial family produces more triples than predicted by Estimate 2.2.
Proof. The proof is the same as that of Theorem 3.1 of [4] , so we only sketch the details.
(i) Using (3.1) with m = 2, we find the number of triples (r, π, p) with r ≤ x that the family is expected to generate is asymptotically equivalent to
where C > 0 is another constant. On the other hand, Estimate 2.2 predicts that the number of triples (r, π, p) with r ≤ x should be finite when ρ 0 < g and equivalent to
as x → ∞ when ρ 0 > g. In any case, we see that the complete family is expected to provide more examples than predicted by Estimate 2.2 when hypothesis the family produces more examples than predicted by Estimate 2.2, we have
On the other hand, points (i) and (ii ) of the definition of a complete family show that deg r 0 and deg p 0 are even integers, so we deduce that deg p 0 ≤ deg r 0 which in turn implies that the generic rho-value of the family is at most g. This proves (i).
(ii ) Conversely, if
) then, when |w 0 | is sufficiently large, the rho-value of (r 0 (w 0 ), π 0 (w 0 ), p 0 (w 0 )) is less than ρ 0 , and reversing the argument used to prove the first assertion of (i) shows that the family contains more triples than predicted by Estimate 2.2. Remark 3.3. The inequality deg p 0 ≤ deg r 0 in (i) of the theorem implies that if the family produces more examples than predicted by Estimate 2.2, then its generic rho-value is at most g. When g = 1, the only known polynomial family that satisfies this condition and that produces curves over prime fields is the well-known BarretoNaehrig family of prime-order elliptic curves, where
with t 0 (w) = 6w 2 + 1 and y 0 (w) = 6w 2 + 4w + 1. Here k = 12 and K = Q( √ −3), and the family provides a genuine counterexample to Estimate 2.2 when ρ 0 < 1.25. This is discussed in detail in [4] .
By taking abelian varieties isogenous to the g th power of the elliptic curves produced by the Barreto-Naehrig family, we obtain for every g ≥ 1 a polynomial family of abelian varieties with k = 12, K any CM-field containing Q( √ −3), and generic rho-value g. For the CM-type on K we take any extension of a CM-type on Q( √ −3). These families produce more triples than predicted by Estimate 2.2 when ρ 0 < 5g 4 . Remark 3.4. In [9] , Freeman gives a general construction of Brezing-Weng families that is inspired by the construction of Weil numbers as images under theK-norm of elements ofK. This gives families whose generic rho-value is usually a little smaller than 2gĝ, where 2ĝ = [K : Q]. However he does give an example with k = 5, K = Q(ζ 5 ) and generic rho-value 4. When g = 2, a somewhat different approach is discussed in [7] (see also [22] ), but when applied to primitive CM-types again gives rho-values close to 8. To the best of our knowledge, no example of a family of absolutely simple abelian surfaces (which correspond to primitive CMtypes) with generic rho-value less than 4 is known. Apart from the case g = 2 of the generalized Barreto-Naehrig construction mentioned in Remark 3.3, many examples of polynomial families of abelian surfaces that are not absolutely simple with generic rho-value less than 4 are known ( [10] , [18] , [19] , [7] , [14] ), but in every case have a generic rho-value strictly greater than 2.
Thus, while it seems difficult to construct polynomial families with generic rhovalue g or less, we see no reason why the Barreto-Naehrig family should be the only such family.
Numerical evidence in the fixed CM-field case
In this section, we report on numerical evidence for Estimate 2.2.
4.1. Examples in genus 2 and 3. For the convenience of the reader we summarize briefly all possible CM-types up to equivalence for g = 2 and 3. Recall that K denotes a CM-field of degree 2g, K + the maximal real subfield of K, L a fixed Galois closure of K and G the Galois group of L over Q. If F is a subfield of L, we denote by G F the subgroup of G that fixes F . We fix an embedding of L into C. When we write a CM-type Φ on K as a set {τ 1 , τ 2 , . . . } of elements of G, we mean that Φ is the restriction to K of these elements. Similarly for the reflex typeΦ. g = 2 (cf. [27] , pages 64-65). There are three possibilities for K.
(i) K = L is a Galois biquadratic extension of Q. Let K 0 be an imaginary quadratic subfield of K and let τ be the non-trivial element of G K0 . Then Φ = {id, τ } is a CM-type on K extending the CM-type {id} of K 0 . We haveK = K 0 and Φ = {id}. Hence there are two equivalence classes of CM-types on K corresponding to the two imaginary quadratic subfields. Neither of them is primitive.
(ii ) K = L is a Galois cyclic extension of Q. If τ is a generator of G, then every CM-type is equivalent to Φ = {id, τ }. This is a primitive CM-type,K = K and Φ = {id, τ −1 }. (iii ) K is not Galois over Q, and G is a dihedral group generated by σ and τ with σ of order 2 having K as fixed field and τ is of order 4. Every CM-type is equivalent to Φ = {id, τ }. Again this is a primitive CM-type,K is the field fixed by τ σ andΦ = {id, σ}. g = 3. There are four possibilities for K.
(iv ) K = L is a degree 6 Galois cyclic extension of Q. Then K contains a unique imaginary quadratic subfield K 1 . Every imprimitive CM-type on K is equivalent to Φ = G K1 . We haveK = K 1 andΦ = {id}. There is a unique equivalence class of primitive CM-type. If τ is a generator of Gal(K/Q), a representative is Φ = {id, τ, τ 2 }. We haveK = K andΦ = {id,
for some square-free integer D > 0. Then G is a dihedral group of order 12. There is an imprimitive equivalence class as in case (iv ), taking
. There are primitive CM-types all of which are equivalent to the following one. Let τ be a generator of the unique cyclic subgroup of order 6 of G, and put Φ = {id, τ, τ 2 }. ThenK = K and Φ = {id, τ −1 , τ −2 }. In the remaining two cases, K is not Galois over Q and does not contain an imaginary quadratic subfield. Up to equivalence, there is a unique CM-type and it primitive. We always have [K : Q] = 8.
(vi ) K + is Galois over Q. Then [L : Q] = 24 and G K is a Klein four-group. Furthermore, G has four Sylow 3-subgroups, and the restriction of the elements of any one of them to K gives a CM-type Φ = {id, τ, τ 2 }. ThenK is the corresponding fixed field andΦ is the restriction of the elements of G K toK. (vii ) K + is not Galois over Q. In this case, [L : Q] = 48. Now G K is a dihedral group of order 8 and we can take Φ to be the set of restrictions to K of the elements {id, τ, τ 2 } of one of the four Sylow 3-subgroups of G. Then GK is the unique subgroup of G containing τ that is isomorphic to the symmetric group of degree 3. AgainΦ is the set of restrictions toK of the elements of G K . Since there is only one primitive CM-type up to equivalence, we can test Estimate 2.2 by determining all possible Weil numbers in the field K without explicitly dealing with a reflex field, and then dividing out by the order of the automorphism group of K (see Remark 2.3).
We wrote a program in Magma [3] to compute the number N (k, K, ρ 0 , (a, b)) of characteristic polynomials C π coming from triples (r, π, p) with a ≤ r ≤ b and p ≤ r ρ 0 g , and compared it with the value
predicted by Estimate 2.2. Looping over r, for each such prime pair (r, p) satisfying r ≡ 1 (mod k) and p a primitive k th root of unity mod r, we search for p-Weil numbers in the following way:
(1) Factorize pO K into prime ideals and make a list D(p) of all possible ideal decompositions of the form aā = pO K which are primitive, that is, those for which there is no decomposition of the form (a is a p-Weil number and Γ a = {ηπ : η ∈ U K } is the complete set of p-Weil numbers corresponding to (a,ā).
For each Weil number π found, we check whether r divides N K/Q (π − 1) and store the minimal polynomial C π (and its associated data (r, p, ρ = g log p log r )) for those π satisfying this condition.
Since p-Weil numbers are generators of principal ideals of the form NΦ(P) where P has norm p, we need only consider those p for which there is a degree one prime above p inK. We obtain necessary conditions by working in the maximal abelian subfield M of the Galois closure L of K. We require that the decomposition field of a prime of M above p contains F =K ∩ M . The Kronecker-Weber theorem tells us that F is contained in Q(ζ f ) where f is the conductor of F and the decomposition group Gal(
* gives us congruence conditions on p (mod f ) for such a decomposition to occur. For non-Galois CM-fields in genus two or three, F is a quadratic field and hence we need only compute ideal decompositions for half the congruence classes modulo f . For Galois CM-fields of degree 2g ≤ 6 the Galois group is abelian andK = K = F so the proportion of primes we deal with is even smaller, namely 1/2g. In a similar manner, since we require that r splits completely in K, we obtain further congruence restrictions on r when the maximal abelian subextension of K is not contained in Q(ζ k ).
We ran this program on a selection of quartic and sextic CM-fields for several values of k. The field invariants making up the constant term in the heuristic formula Estimate 2.2 are varied in our sample.
For Galois CM-fields of degree 4 and 6 we computed the type norm map explicitly to determine the unique decomposition (up to the Galois action). This approach of using the type norm map, while possible for other non-Galois fields, was slower than computing the ideal decompositions due to requiring to perform calculations in the larger Galois closure.
The tables have been placed together near the end of the paper for ease of use. Table 1 gives the values of N (k, K, ρ 0 , (10 4 , 5 · 10 5 )) with rho-values ρ 0 ≤ 3.5 and with several values of k, for the class number one CM-field K = Q[X]/(X 4 +4X 4 +2) which is a cyclic Galois extension of Q. Table 2 presents a similar table for the field Q(ζ 5 ) which is another Galois cyclic CM-field of class number one. Table 3 presents a table in the same format, this time for a non-Galois quartic CM-field. The cyclic examples took between 5000-10000 seconds to compute, whereas the non-Galois example took 20000-30000 seconds. Tables 4-6 give the values of N (k, K, ρ 0 , (10 4 , 5 · 10 5 )) with ρ 0 ≤ 5.1 for several values of k for some sextic CM-fields belonging to cases (iv ), (v ) and (vi ) above. It proved computationally too challenging to compute the heuristic value for a generic sextic field having Galois group of order 48 so we did not produce any data for such a field. The data for the Galois sextic CM-field examples was computed relatively quickly: approximately 2300 seconds for each value of k. The sextic fields with G of order 12 took between 20000 and 60000 seconds each; the examples with G of order 24 took under 15000 seconds. An explanation for why the order 24 examples were quicker to compute than the order 12 examples is that the latter have a proper CM-subfield (of degree 2) so we must identify and discard the non-primitive ideal decompositions.
We would have liked to have extended the range of r, but the unavoidable large number of ideal factorizations in number fields prevented us from taking an interval for r too large or high up.
In almost all the cases we computed, there is good agreement between the computed value of N (k, K, ρ 0 , (a, b)) and the expected value I(k, K, ρ 0 , (a, b) ). Noticeable exceptions occur in Table 1 when k = 2 and k = 8 and in Table 5 when k = 24, when the integral seems to seriously underestimate the actual number of triples found. To check whether the phenomenon persisted, we extended the computation to larger r (up to 2 · 10 7 in the cases k = 2 and k = 8 of Table 1 ) and found that the computed values were in much closer agreement with the expected ones.
4.2.
An example in genus 4. We also computed pairing-friendly Weil polynomials for the non-Galois octic CM-field
Let L be a Galois closure of K. Then [L : Q] = 24 and L contains a non-Galois sextic CM-field K 6 with Galois closure L. Thus the Galois group G = Gal(L/Q) is that of case (vi ) above. It follows that the primitive CM-type on K 6 is a reflex CM-type for K. Up to equivalence there are two primitive CM-types on K: Φ 6 with reflex field K 6 and Φ 8 with reflex field K 8 ∼ = K. There is also an imprimitive class of CM-types corresponding to extending the CM-type Φ 2 of the imaginary quadratic field K 2 ∼ = Q(ζ 3 ) contained in K.
Using the same method as described earlier we computed pairing-friendly primitive Weil polynomials of K. We sorted them by CM-type Φ i in order to compare the number N Φi (k, K, ρ 0 , (a, b)) of pairing-friendly examples coming from Φ i with the heuristic from Estimate 2.2:
(similar notations to before, now with Φ i as a subscript). Table 7 gives the values of N Φi (k, K, ρ 0 , (10 4 , 5 · 10 5 )) with ρ 0 ≤ 7.0 for several values of k. It turns out that hΦ (a, b) ) is the same for both primitive CM-types.
Remark 4.1. Since w K = w K2 all imprimitive Weil numbers of K are in K 2 , and so an imprimitive Weil polynomial of K with rho-value ρ is a 4th power of a Weil polynomial of K 2 with rho-value ρ/4. As one would hope, the genus 1 heuristic (a, b) ). We confirmed that the imprimitive counts agree well with the heuristic estimate for k = 4, 5. There were zero pairing-friendly examples found for the cases k = 3, 6. These are two of the three "exceptional" cases, where the independence hypotheses are not satisfied, hence the heuristics do not apply. See [4] for details.
5. Asymptotics for a fixed maximal real subfield.
converges. Thus, the heuristic estimates Estimate 2.2 suggest that, if K is any CM-field of degree 2g and if ρ 0 < g, there are only finitely many triples (r, π, p) with rho-value less than ρ 0 .
In order to try to understand where triples with rho-value less than g might be located, we now develop a heuristic formula for the asymptotic growth of the number of triples with rho-value bounded above by ρ 0 and the CM-field K varies but with a fixed maximal real subfield K 
Here d 0 denotes the discriminant of K 
As before, the probability that r divides Φ k (p) with r prime is 1 r log r . On the other hand, by the prime ideal theorem in number fields the expected number of degree one prime ideals of K + 0 dividing r given that r splits in Q(ζ k ) is equal to e(k, K + 0 ). In view of this, we assume that the probability that an integer r is prime and divides both Φ k (p) and
Thus we expect the number R(k, K + 0 , ρ 0 , x) of triples (r, π, p) with r ≤ x and p ≤ r ρ 0 g to be equivalent to
where the sum over r is over integers and that over p is over primes, and the 2 appears before the R 0 (K + 0 , 2 √ p) because we distinguish between π and p/π. Hence
Now, it follows from the prime number theorem by an easy argument using Abel summation that, if α ≥ 0, then the sum over primes p≤U p α is asymptotically 
Replacing the sum by an integral and rearranging slightly leads to Estimate 5.1. 
On the other hand, if r + is a prime ideal of norm r in K + 0 , the probability that
Hence the number of elements τ in this range and r + a degree one prime ideal of K + 0 dividing r such that τ ≡ p + 1 (mod r + ) should be roughly
In particular, if p is close to r ρ 0 g , this is close to
Thus, if ρ 0 > 2, we expect that when r is large, and p is a prime close to r ρ 0 g , the number of p-Weil numbers π with π + p/π ∈ K + 0 is close to (5.5), which tends to infinity with r.
For a numerical illustration, see Remark 6.2.
Numerical evidence in the fixed maximal real subfield case
We continue to use the notation introduced in the previous section. For small x and ρ 0 , we can compute R(k, K + 0 , ρ 0 , x) as follows. Since r ≤ x, we know that
2g . Hence, we need to:
2g for all i; (2) For each τ ∈ L, factor Φ k (τ − 1) into prime ideals in K + 0 and make a list M(τ ) of all degree one primes r + dividing Φ k (τ − 1) of norm r such that
The condition p ≡ τ − 1 (mod r + ) of (3) ensures that r divides Φ k (p). Thus, for any τ ∈ L, r + ∈ M (τ ) and prime p as in (3), the triples (r, π, p) and (r, p/π, p) with π and p/π the roots of X 2 − τ X + p contribute towards the total R(k, K + 0 , ρ 0 , x). Conversely, if (r, π, p) is a triple with r ≤ x and p ≤ r ρ 0 g , and if τ = π + p/π, then τ ∈ L. Since r divides N K/Q (π − 1), some prime ideal r + of K + above r must divide p + 1 − τ . Then r + ∈ M (τ ) and p satisfies (3), so that (r, π, p) will be detected by the above search.
Of course the major drawback of this approach is the need to factor Φ k (τ − 1). Since the size of Φ k (τ − 1) depends on the degree of Φ k , it is necessary to choose k with ϕ(k) small. On the other hand, decreasing ρ reduces the size of the list L of step (1) . In any case, in practice it is only possible to make meaningful computations when ϕ(k) and x are small.
Using this method, we computed a few tables with ρ 0 at most equal to g. a, b) ) be the number of distinct irreducible characteristic polynomials (5.1) associated to Weil numbers π belonging to triples (r, π, p) with a ≤ r ≤ b, π+p/π ∈ K , (a, b) ) with the heuristic estimate
(log u) 2 . Table 8 shows the values of R c (k, Q( √ 2), ρ 0 , (10 3 , 10 5 )) for k ∈ {3, 4, 5, 6, 7, 8, 12} and values of ρ 0 between 1 and 2. On the other hand, Table 9 presents the values of R c (k, Q( √ d), 2.0, (10 3 , 10 5 )) for k ∈ {3, 4, 5, 6, 12} and for squarefree d ≤ 50. The entries for which e(k, Q( √ d)) = 2 are marked with an asterisk; the predicted value for these entries is 2J. In all other cases, e(k, Q( √ d)) = 1 and the predicted value is J. Finally, Table 10 shows the values of R c (k, Q(ζ 7 + ζ −1 7 ), ρ 0 , (10 3 , 10 4 )) for k ∈ {3, 4, 5, 6, 7} and values of ρ 0 between 1.5 and 3.
The running times in Table 9 were dependent on the size of ϕ(k), the degree of the k th cyclotomic polynomial. For k = 5, 12 each table entry took under 10 minutes to compute. The value which took the most time to compute was k = 5 for the field Q( √ 5) which just under 3 1 2 hours. The computations in Table 10 took under three hours when k ∈ {3, 4, 6} but over ten times longer when k = 5 and k = 7.
Remark 6.1. In almost all cases in Tables 8, 9 and 10, the CM-field K + 0 (π) has Galois closure of maximal size. For instance, over 10 4 examples are listed in Table 8 , but in only 58 of them is the field Q( √ 2, π) Galois; in 54 cases the field is biquadratic and in the other four it is cyclic. Remark 6.2. We can also use Table 10 Table 2 . Values of N (k, K, ρ 0 , (10 4 , 5 · 10 5 )) for K = Q(ζ 5 ). Invariants: w K = 10, hΦ = hK = 1, G cyclic. Table 3 . Values of N (k, K, ρ 0 , (10 4 , 5 · 10 5 )) for K = Q[X]/(X 4 + 8X 2 + 13). Invariants: w K = 2, hΦ = hK = 2, G dihedral. 
